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Abstract 

In this paper we show how to describe the general theory of a linear 
metric compatible connection with the theory of Clifford valued differen- 
tial forms. This is done by realizing that for each spacetime point the Lie 
algebra of Clifford bivectors is isomorphic to the Lie algebra of 5/(2, C). In 
that way the pullback of the linear connection under a local trivialization 
of the bundle (i.e., a choice of gauge) is represented by a Clifford valued 
1-form. That observation makes it possible to realize immediately that 
Einstein's gravitational theory can be formulated in a way which is similar 
to a Sl(2, C) gauge theory. Such a theory is compared with other inter- 
esting mathematical formulations of Einstein's theory, and particularly 
with a supposedly "unified" field theory of gravitation and electromag- 
netism proposed by M. Sachs. We show that his identification of Maxwell 
equations within his formalism is not a valid one. Also, taking profit of 
the mathematical methods introduced in the paper we investigate a very 
polemical issue in Einstein gravitational theory, namely the problem of 
the 'energy-momentum' conservation. We show that many statements 
appearing in the literature are confusing or even wrong. 



1 Introduction 

In this paper we introduce the concept of Clifford valued differential form^], 
mathematical entities which are sections of C£(TM) (g) l\T*M. We show how 

1 Analogous, but non equivalent concepts have been introduced in 1 131 1641 1661 16.31 . In 
particular |13) introduce clifforms, i.e., forms with values in a abstract (internal) Clifford 
algebra E„ q associated with a pair (M n ,g), where n = p + q and g is a bilinear form of 
signature (p, q) in R n . These objects differ from the Clifford valued differential forms used in 
this text., whith dispenses any abstract (internal) space. 
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with the aid of this concept we can produce a very beautiful description of the 
theory of linear connections, where the representative of a given linear connec- 
tion in a given gauge is given by a bivector valued 1-form. For that objects we 
introduce the concept of exterior covariant differential and extended covariant 
derivative operators. Our natural definitional are to be compared with other 
approaches on related subjects (as described, e.g., in [21 131 1251 1251 IHl 1351 [55] ) 
and have been designed in order to parallel in a noticeable way the formalism 
of the theory of connections in principal bundles and their associated covariant 
derivative operators acting on associated vector bundles. We identify Cartan 
curvature 2-forms and curvature bivectors. The curvature 2-forms satisfy Car- 
tan's second structure equation and the curvature bivectors satisfy equations 
in complete analogy with equations of gauge theories. This immediately sug- 
gests to write Einstein's theory in that formalism, something that has already 
been done and extensively studied in the past (see e.g., [311]). Our method- 
ology however, suggests new ways of taking advantage of such a formulation, 
but this is postponed for a later paper. Here, our investigation of the 52(2, C) 
nonhomogeneous gauge equation for the curvature bivector is restricted to the 
relationship between that equation and some other equations which use different 
formalisms, but which express the same information as the one contained in the 
original Einstein's equations written in classical tensor formalism. Our analysis 
includes a careful investigation of the relationship of the 52(2, C) nonhomoge- 
neous gauge equation for the curvature bivector and some interesting equations 
appearing in M. Sachs theory [5T1 [521 [53] . 

We already showed in [45] that unfortunately M. Sachs identified equivo- 
cally his basic variables (? M as being quaternion fields over a Lorentzian space- 
time. Well, they are not. The real mathematical structure of these objects 
is that they are matrix representations of particular sections of the even Clif- 
ford bundle of multivectors C£(TM) (called paravector fields in mathematical 
literature). Here we show that the identification proposed M. Sachs of a new 
antisymmetric field [5TJ [52} [53] in his 'unified' theory as an electromagnetic field 
is, according to our opinion, an equivocated one. Indeed, as will be proved in de- 
tail, M. Sachs 'electromagnetic fields' F a b (whose precise mathematical nature 
is disclosed below) are nothing more than some combinations of the curvature 
bivector^f), objects that appear naturally when we try to formulate Einstein's 
gravitational theory as a 5/(2, C) gauge theory. The equations found by M. 
Sachs, which are satisfied by his antisymmetric fields F a b looks like Maxwell 
equations in components, but they are not Maxwell equations. However, we 
can say that they do reveal one more of the many faces of Einstein's equation^. 

Taking profit of the mathematical methods introduced in this paper we also 
discuss some controversial, but conceptually important issues concerning the 
law of energy-momentum conservation in General Relativity, showing that many 

2 Our defintions, for the best of our knowledge, appears here for the first time. 

3 The curvature bivectors are physically and mathematically equivalent to the Cartan cur- 
vature 2-forms, since they carry the same information. This statement will become obvious 
from our study in section 3.4. 

4 Some other faces of that equations are shown in the Appendices. 
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statements appearing in the literature are confusing and even wrong. 

The paper contains two Appendices. Appendix A recalls some results of 
the Clifford calculus necessary for the calculations presented in the main text. 
Appendix B recalls the correct intrinsic presentation of Einstein's equations 
in terms of tetrad fields {# a }, when these fields are sections of the Clifford 
bundle and compare that equations, which some other equations for that objects 
recently presented in the literature. 

2 Recall of Some Facts of the Theory of Linear 
Connections 

2.1 Preliminaries 

In the general theory of connections [HI GH] a connection is a 1-form in the 
cotangent space of a principal bundle, with values in the Lie algebra of a gauge 
group. In order to develop a theory of a linear connection^ 

£esccT*P S o l3 (M)®sl(2,C), (1) 

with an exterior covariant derivative operator acting on sections of associated 
vector bundles to the principal bundle Pso= (M) which reproduces moreover 
the well known results obtained with the usual covariant derivative of tensor 
fields in the base manifold, we need to introduce the concept of a soldering 
form 

esecT-Pso^W^M 1 ' 3 . (2) 
Let be U C M and let ? : U — > <;(U) C P S oj (M).We are interested in the 

A A 

pullbacks and s*0 once we give a local trivialization of the respective bun- 

A 

dies. As it is well known [21 [31], in a local chart (x^) covering U, <j* 6 uniquely 
determines 

9 = e M ® dx» = e^dx^ G sec TM ® f\ T*M. (3) 

Now, we give the Clifford algebra structure to the tangent bundle, thus gen- 
erating the Clifford bundle C£(TM) = I J CtJM), with CtJM) ~ K a 3 intro- 
duced in Appendix A. 

We recall moreover, a well known result [34], namely, that for each x 6 U C 
M the bivectors of C£(T X M) generate under the product defined by the com- 
mutator, the Lie algebra sl(2, C). We thus are lead to define the representatives 
in C£(TM) <g> /\T*M for and for the the pullback u> of the connection in a 

5 In words, ui is a 1-form in the cotangent space of the bundle of ortonornal frames with 
values in the Lie algebra sof 3 ~ sl(2, C) of the group SO^ . 
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given gauge (that we represent with the same symbols): 
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e^dx^ = e a 8 a £ sec 



f\TM <8> f\T*M ^ C£(TM) ® f\T*M, 




f\TM <g> f\T*M ^ Cl(TM) ® f\T*M. (4) 



Before we continue we must recall that whereas is a true tensor, w is 
not a true tensor, since as it is well known, its 'components' do not have the 
tensor transformation properties. Note that the are the 'components' of 
the connection defined by 



tensor bundle, that naturally acts on C£(TM) (see, e.g., [TT]). Objects like 9 
and U3 will be called Clifford valued differential forms (or Clifford valued forms, 
for short), and in sections 3 and 4 we give a detailed account of the algebra and 
calculus of that objects. But, before we start this project we need to recall some 
concepts of the theory of linear connections. 

2.2 Exterior Covariant Differential 

One of our objectives is to show how to describe, with our formalism an exterior 
covariant differential (EXCD) which acts naturally on sections of Clifford val- 
ued differential forms (i.e., sections of sec C£(TM) /\T* M ) and which mimics 
the action of the pullback of the exterior covariant derivative operator acting on 
sections of a vector bundle associated to the principal bundle Psoi (M), once a 
linear metric compatible connection is given. Our motivation for the definition 
of the EXCD is that with it, the calculations of curvature bivectors, Bianchi 
identities, etc., use always the same formula. Of course, we compare our defi- 
nition, with other definitions of analogous, but distinct concepts, already used 
in the literature, showing where they differ from ours, and why we think that 
ours seems more appropriate. In particular, with the EXCD and its associated 
extended covariant derivative (ECD) we can write Einstein's equations in such 
a way that the resulting equation looks like an equation for a gauge theory of 
the group <S7(2,C). To achieve our goal, we recall below the well known defini- 
tion of the exterior covariant differential d E acting on arbitrary sections of a 
vector bundle E(M) (associated to Psof 3 (M) and having as typical fiber a l- 
dimensional real vector space) and on end-E (M) = E (M) ®E*(M), the bundle 
of endomorphisms of E (M). We recall also the concept of absolute differential 
acting on sections of the tensor bundle, for the particular case of A TM. 

6 After section 3.4, _D Ba refers to the Levi-Civita covariant derivative operator. 
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Definition 1 The exterior covariant differential operator (ECDO) d E acting 
on sections of E (M) and endi? (M) is the mapping 

d E :secE(M) -> secE(M) ® f\T*M, (6) 

such that for any differentiable function f : M — > R, A G sec E (M) and any 
F G sec(end£ (M) <g> f\ P T*M), G G sec(end£ (M) ® f\ 9 T*M) we have: 

d E {fA)=df®A + fd E A, 
d E (F ® A A) = d B F ® A A + (-1) P F ® A d B A, 
d B (F<g> A G) = d B F® A G+(-l) p J F® A d iS G. (7) 

InEq.©, writing F = F a >g>fa P \ G = G b ®g^ ] where F a , G b G sec(end£ (Af )), 
/i p) G sec f\ P T*M and G sec/\V*M we have 

-F 1 ®a G = (^F a (g) /W) ® A G b ® 5 < 9) . (8) 

In what follows, in order to simplify the notation we eventually use when 
there is no possibility of confusion, the simplified (sloppy) notation 

(F a A)®fW = (F a A)f<?\ 

(f° ® /(f)) ® A G b ® = (F a G h ) /W A , (9) 

where F a /1 G sec E (M) and F a G b means the composition of the respective 
endomorphisms . 

Let [f C M be an open subset of M, (a; M ) a coordinate functions of a maximal 
atlas of M, {e M } a coordinate basis of TU C TM and {sk}, K =1, 2, ..J a basis 

» 1 

for any sec £ (17) C sec J5 (M). Then, a basis for any section of E (M)® A T*M 
is given by {sk ® c?x M }. 

Definition 2 77ie covariant derivative operator D e : sec £ (M) — > sec £ (M) 

is given by 

d E A= (D^A) ®aV i , (10) 
where, writing A = A K ® sk we ftcwe 

D eii A = d ti A K ®s K + A K ®D e ^s K . (11) 

Now, let examine the case where E (M) = TM = A (TM) C£(TM). 
Let {ej}, be an orthonormal basis of TM. Then, using Eq. (fTTj) and Eq.© 

d^ej = (£> ek ej) ® 6> k = e k ® u>j k 
^=^ r , (12) 



G 



where the uS? € sec A T*M are the so-called connection 1-forms. 
Also, for v —v 1 e- 1 £ sec TM, we have 

d E v = DejVtg)^ = e ; <g> d E v\ 

d E v l = dv l + u)lv k . (13) 
2.3 Absolute Differential 

Now, let E (M) = TM = A(TM) ^ C£(TM). Recall that the usual absolute 

A i 
TM <^-> seed (TM) is a mapping (see, e.g., [9]) 

D: sec /\ TM -> sec /\TM ® /\V*M, (14) 

such that for any diffcrcntiablc A 6 sec A TM we have 

DA=(D ei A)®6\ (15) 

where D ei A is the standard covariant derivative of A G sec A TM <^-> secC£ (TM). 

a ' 

Also, for any differentiable function / : M — > R, and differentiable A S sec A TM 
we have 

£>(/A) = df ® A + /T>A (16) 
Now, if we suppose that the orthonormal basis {ej} of TM is such that each 

Ai 
TM <-» sec C£ (TM) , we can find easily using the Clifford algebra 

structure of the space of multivectors that Eq. (fT!?)) can be written as: 

De i = ( D e k e i )O k = -[w,ej] = -ejju; 

w = ^fe a Ae b ®f k 

= -w£ b e a e b ® k G sec f\TM <8 f\T*M ^ sec C£(TM) ® f\T*M, 

(17) 

where a; is the representative of the connection in a given gauge. 
The general case is given by the following proposition. 

Proposition 3 Forie sec/\ TM ^ secCf (TM) we /iaue 

TM = cL4+-[u;,,4]. (18) 



7 



Proof. The proof is a simple calculation, left to the reader. ■ 

Eq. (|18[) can now be extended by linearity for an arbitrary nonhomogeneous 
multivector A G sec CI (TM). 

Remark 4 We see that when E(M) = f\ TM seed (TM) the absolute 
differential D can be identified with the exterior covariant derivative d E . 

We proceed now to find an appropriate exterior covariant differential which 
acts naturally on Clifford valued differential forms, i.e., objects that are sections 
of Ci(TM)® f\T*M (= /\T*M ®Cl{TM)) (see next section). Note that 
we cannot simply use the above definition by using E (M) = C£(TM) and 
endE(M) = endC£(TM), because endC£{TM) ^ CiiTM) ® f\T*M. Instead, 
we must use the above theory and possible applications as a guide in order to 
find an appropriate definition. Let us see how this can be done. 

3 Clifford Valued Differential Forms 

Definition 5 A homogeneous multivector valued differential form of type (l,p) 

is a section of f\ TM ® [*\T*M <^> Ci(TM) <8> f\T*M, for < I < A, < 

p < 4. A section of C£(TM) (g) P\T*M such that the multivector part is non 
homogeneous is called a Clifford valued differential form. 

We recall, that any A G sec ATM <g> f\ P T*M ^ secC£(TM) <g> f\ P T*M 
can always be written as 

A = m ( i) ® ip {p) = -m s ( ^-- I, e il ...ei ! <g> 

= ~] m {i) ® ^jfl.j^ 1 A •■• A ° ip 

= 7TT A h 'I' e h ...e u ®9 h A...A9^. 
l\p] ji -Jp 1 1 

Definition 6 The ® A product of A — A® G sec Cl(TM) <g> A T*Af and 



B= B® x [p) G sec C£{TM) ® /\ T*M is the mapping: 

<8> A : sec C£(TM) <g> f\T*M x secC£(TM) ® f\ P T*M 
-> sec C£(TM) ® f\ +P T*M, 
A® A B = AS ® A x (9) • (20) 



Definition 7 TTie commutator [A, B] of A G sec f\ T M ® T* M ^ secCi{TM)® 

A P A m A 9 A 9 

/\ T*M and B e f\ TM ® /\ T*M secC£(TM) ® f\ T*M is the map- 
ping: 

[ , ] : sec /\ TM ® f\ P T*M x sec /\"TM ® /\ V*M 

|J+m| 

^sec(( f\T*M)® f\ P+9 T*M) 

k—\l — m\ 

[A,B]=A® A B-(-l) pq B® A A (21) 

Wnfe'np A = i^j 1 -jie jl ...e jl '0 (p) ) 5 = ^_B il - i " i e il ...e im x^- ) , uratft V> (p) G 
sec f\ P T*M and X (q) G sec/\V*M, we We 

= 7^T' lj J B ' [e jl ...e j „e il ...e im ] V (p) Ax W . (22) 

TTie definition of the commutator is extended by linearity to arbitrary sections 
ofC£{TM)®/\T*M. 

Now, we have the proposition. 

Proposition 8 Let A G sec«(TAf) ® f\ P T*M, B G secCi(TM) ® f\ 9 T*M, 
C G A e sec C£(TM)® f\T*M. Then, 

[A,B] = (-1) 1+ ™[B,A], (23) 

and 

(-If [[A, S] , (7] + [[£?, C] , A] + R r? [[C, A] , B] = 0. (24) 

Proof. It follows directly from a simple calculation, left to the reader. ■ 
Eq. (|24[) may be called the graded Jacobi identity [3]. 

7 A and _B are general nonhomogeous multivector fields. 
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Corollary 9 Let be 6 sec A (TM) <g> f\ P T*M and B € sec tC {TM) (g> 
f\ q T*M. Then, 

[AW,B]=C, (25) 
(TM)(8/\ T*M. 
Proof. It follows from a direct calculation, left to the reader. ■ 

Proposition 10 Let w e secf\(TM) ® f\T*M , A £ sec /\ (TM) (g> 

A P A m A 9 

/\ T*M.B G sec/\ (TM) <g> /\ T*M. T/ien, we We 

[w, A ®a -B] = [w, A] ® A B + (-l) p A ® A [w, B]. (26) 
Proof. Using the definition of the commutator we can write 
[w, A] ® A B = (w ® A ^ - (-1) P A ® A u) ® A B 

= (u> ® A A ® A B - (-1) P+9 A ® A B ® A u) 

+ (-iy+*A ® A s ®a w - (-i) p a ® A W ® A s 

= [u;,A® A B] - {-l) p A® A [u,B], 

from where the desired result follows. ■ 
From Eq.(??) we have alscfl 

(p + g)[o;,A®A B] 

= p[w, A}® A B + {-l) p qA ® A [«, B] 
+ g[o>,A] « A B+(-l)V« A [w,B]. 
Definition 11 The action of the differential operator d acting on 

A e sec /\ TM <g> f\ P T*M ^ secC£(TM) ® f\ P T*M, 

is given by: 

dA = e h ...e k ^dA h - h (27) 

= e i ....e i , ®d— Af-f !l A... A (9^. 

We have the important proposition. 

Proposition 12 Let A e secCi(TM)® f\T* M and B e sec Cl{TM)<® f\*T*M 
Then, 

d[A, B] = [dA, B] + (-1) P [A, rfB]. (28) 

Proof. The proof is a simple calculation, left to the reader. ■ 

We now define the exterior covariant differential operator (EXCD) D and 
the extended covariant derivative (ECD) D 6r acting on a Clifford valued form 

A G sec/\ TM ® f\ P T*M <-> secC£ (TM) ®/\ P T*M, as follows. 

8 The result printed in the original printed version is (unfortunately) wrong. However 
(fortunately) except for details, it does not change any of the conclusions. 
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3.1 Exterior Covariant Differential of Clifford Valued Forms 
Definition 13 The exterior covariant differential of A is the mapping : 

D: sec f\TM <g> f\ P T*M -> sec[(/\ TM ® f^T*M) <g) A f\T*M] 
C sec f\TM ® f\ P+1 T*M, 
T>A = dA + ^[u>,A], if Aesccf\TM ® f\ P T*M, l,p>l. (29) 

Proposition 14 Let A G sec f\TM ® f\^T*M <-+ sec C£(TM) ®/\ P T*M, 

e e scc/\ TM ® f\ T*M ^ secC£(TM) ®A T*M. TTien, tfce exterior 
differential satisfies 

T>(A ® A B)=D„4 ® A B+(-l)M ® A DB 

+ g[w,^](g) A B+(-l) p ^® A [a;,B]. (30) 

Proof. It follows directly from the definition if we take into account the prop- 
erties of the product ® A and Eq. ([26f Fl ■ 

3.2 Extended Covariant Derivative of Clifford Valued Forms 
Definition 15 The extended covariant derivative operator is the mapping 

D Er : sec f\TM <g> f\ P T*M -> sec f\TM <8> f\ P T*M, 

such that for any A £ sec f\TM <g) f\ P T*M secC£{TM) ®f^T*M, I, 
p > 1, we /icrae 

D.A= (D er .4)<g> A r . (31) 
We can immediately verify that 

D er ^=S er ^l+|[a; r ,^], (32) 
and, of course, in general*^ 

D er -4 ^-D 6r ^. (33) 
Let us write explicitly some important cases which will appear latter. 



9 Observe that D does not satisfy the Leibniz rule, contrary to what was stated in the 
original printed version. However, fortunately this does not change any conclusion. 

10 For a Clifford algebra formula for the calculation of D er A, A G sec A T*M see Eg. (I123P . 
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3.2.1 Case p = 1 



Let A £ sec ^ TM ® f\ T*M ^ seed (TM) <g>/\ T*M. Then, 



TtA = dA+^[u,A], (34) 

or 

D 6k .A=de r .A+~[u; k ,.A]. (35) 

3.2.2 Casep = 2 

I 2 2 

Let T € sec/\ TM ® /\ T*M ^ sec Cl{TM) ®f\T*M. Then, 

DjF = dF+[w,;F], (36) 

D er ^=a er ^+[u; r ,^]. (37) 
3.3 Cartan Exterior Differential 

Recall that Cartan defined the exterior covariant differential of £ = e^C 1 S 
sec/\ TM ® f\ P T*M as a mapping 

D c : /\Vm (g) f\ P T*M — ► /\Vm ® /\ P+ V*M, 
D c £ = D c ( ei <g> £*) = a ® dC 1 + D c ei A C 1 , (38) 

which in view of Eq. (|27|) and Eq. (fl~7|) can be written as 



D c £ = D c ( ei ® C 1 ) = dC+i[w,C]. (39) 

So, we have, for p > 1, the following relation between the exterior covariant 
differential D and Cartan's exterior differential (p > 1) 

B€=B C €+ £Z_[ W> £]. (40) 

Note moreover that when = ei ® £* G sec A TM ® A T*M, we have 

D^=D C ^. (41) 
We end this section with two observations: 

(i) There are other approaches to the concept of exterior covariant differential 

Ap 
T*M and also in sections of end(fv) 
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<g>/\ T*M, as e.g., in [1 H \M HO EH IS ES] • Not all are completely equivalent 
among themselves and to the one presented above. Our definitions, we think, 
have the merit of mimicking coherently the pullback under a local section of 
the covariant differential acting on sections of vector bundles associated to a 
given principal bundle as used in gauge theories. Indeed, this consistence will 
be checked in several situations below. 

(ii) Some authors, e.g., [31 find convenient to introduce the concept of 
exterior covariant derivative of indexed p-forms, which are objects like the cur- 
vature 2-forms (see below) but not the connection 1-forms introduced above. 
We do not use such concept in this paper. 

3.4 Torsion and Curvature 

Let 9 = e^dx^ = e a 6» a e sec f\ TM <g> f\T*M C£(TM) ® f\ T*M 

and u> = i(w a bc e b Ae c ) ® (9 a = i^ c e b e c (9 a S sec f\ M <g> f\ T*M ^ 

C£(TM) ® ^ T*M be respectively the representatives of a soldering form 
and a connection on the basis manifold. Then, following the standard proce- 
dure [31j , the torsion of the connection and the curvature of the connection on 
the basis manifold are defined by 

= D6» e sec /\TM <g> f\ T*M ^ Cl{TM) ® f\T*M, (42) 

and 

K =Du e sec f\M ® f\T*M ^ Cl(TM) ® f\T*M. (43) 
We now calculate and T)1Z. We have, 

D0 = D(e a # a ) = e a d9 a + ^\u a ,e d ]6* A 6 d (44) 
and since T^u^ed] = — e<iJti; a = w ad e c we have 

D(e a a ) = e a [d9 a + ujg d 6 b A 9 d ] = e a a , (45) 

and we recognize 

a = d9 a + uj a d 9 h A9 d , (46) 

as Cartan's first structure equation. 

For a torsion free connection, the torsion 2-forms © a = 0, and it follows that 
© = 0. A metric compatible connection ui (for which D ea g = 0, a = 0, 1, 2, 3) 
satisfying a = is called a Levi-Civita connection. In the remaining of this 
paper we restrict ourself to that case. 

Now, according to Eq.([29|) we have, 

T)TZ = dTZ+ [u,Tl]. (47) 
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Now, taking into account that 



K = du: + -[«,«], (48) 



and that from Eqs. (|23 )) . (|2l fl and ([28]) it follows that 



d[u>,u;] = [gJu>,u>] — [u>,<iu;], 
[da;,a;] = — [u>, du:], 

'[«*MM =o. ( 49 ) 



we have immediately 



TDK = dU+ [u),K] = 0. (50) 

Eq. (|50p is known as the Bianchi identity. 

Note that, since {e a } is an orthonormal frame we can write: 

ft = ^^ e a Ae b ® (dx>* A dx") 

= -ft*£e a e b <8> 6» c A 6» d = -R$e a ep ® dx p A da; 17 

= -^R ll vp^e v ® eb p A (51) 

where Rp Vpa are the components of the curvature tensor, also known in differ- 
ential geometry as the Riemann tensor. We recall the well known symmetries 



Rpvpa — Rvppai 
Rpvpa — Rfiuap^ 

Rpvpa Rpap,w (^^) 



We also write Eq. ([5"Tj) as 

e a e b , (53) 



n = ^-R^e a e b ® (6» c A A ) = ^R^dc" A dx v 



2 



with 



ifl£e aeb = iiZ^e a A e b e sec f\TM ^ C£(TM), 
-•Rjjdx" A cfo* € sec f\ 2 T*M 7 (54) 



where R M „ will be called curvature bivectors and the 7?.^ are called after Cartan 
the curvature 2-forms. The TZ^ satisfy Carton's second structure equation 

K = ^+<A^, (55) 
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which follows calculating dlZ from Eq. pB")) . Now, we can also write, 

btz = dn + [u3,n] 

= \{d{^R^ a ehdx tl A dx v ) + [u p , R^]}dx p A dx" A dx v 

= \{dpR^ + [ Up) TL^]}dx p A dx p A dx v (56) 

= ]^D ep R p , u dx p A dx p A dx v 

= i (D ep R^ + D^Ryp + D e „R pp ) dx" A da/* A efa 1 ' = 0, 

from where it follows that 

D ep R^ + D £M R, p + D ei ,R PAI = 0. (57) 

Remark 16 Eg. \5ty is called in Physics textbooks on gauge theories (see, 
e.g., \44\ \ 50\/ ) Bianchi identity. Note that physicists call the extended covariant 
derivative operator 

r> ep = n p = d p + [u> p ,}, (58) 

acting on the curvature bivectors as the 'covariant derivative'. Note however 
that, as detailed above, this operator is not the usual covariant derivative oper- 
ator D Ba acting on sections of the tensor bundle. 

We now find the explicit expression for the curvature bivectors R p „ in terms 
of the connections bivectors u>^ = u)(e^), which will be used latter. First recall 
that by definition 

R-juv = TL{e. p , e„) = -1Z(e v , e p ) = -~R pv . (59) 

Now, observe that using Eqs.jm, (J25) and (|2"5f we can easily show that 

[u),u>](e p ,e v ) = 2[w(e /1 ),w(e 1/ )] 

= 2[« /4 ,«„]. (60) 

Using Eqs. (gHJ, ((59]) and j60} we get 

R-fti/ = - 5^0?^ + [Uft, u v }. (61) 

3.5 Some Useful Formulas 

Ap 
TM <-^> secC£(TM) and 1Z the curvature of the connection as 

defined in Eq.(|35]). Ther0 as a detailed calculation can show, 

&A = ~[ll,A} + ~[du,,A}. (62) 

11 In the original printed version it is unfortunately written T) 2 A = ^[1Z,A]. 
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Also, we can show using the previous result that if A G sec C£(TM) (gi 
f\T*M it holdS 

T> 2 A=j[n,A] + ±[u>,dA}. (63) 

4 General Relativity as a SI (2, C) Gauge Theory 
4.1 The Nonhomogeneous Field Equations 

The analogy of the fields = ±R**e a e b = ±i?^e a A e b G sec f\ TM ^ 

C£{TM) with the gauge fields of particle fields is so appealing that it is irre- 
sistible to propose some kind of a Sl(2, C) formulation for the gravitational field. 
And indeed this has already been done, and the interested reader may consult, 
e.g., 0137]. Here, we observe that despite the similarities, the gauge theories 
of particle physics are in general formulated in flat Minkowski spacetime and 
the theory here must be for a field on a general Lorentzian spacetime. This 
introduces additional complications, but it is not our purpose to discuss that 
issue with all attention it deserves here. Indeed, for our purposes in this paper 
we will need only to recall some facts. 

To start, recall that in gauge theories besides the homogenous field equations 
given by Bianchi's identities, we also have the nonhomogeneous field equation. 
This equation, in analogy to the nonhomogeneous equation for the electromag- 
netic field (see Eq. (|134|) in Appendix A) is written here as 

D*ft = d*K+[u;, = - * J, (64) 

where the J G sec f\TM ® A T*M ^ C£(TM) <g> l\T*M is a 'current', 
which, if the theory is to be one equivalent to General Relativity, must be in 
some way related with the energy momentum tensor in Einstein theory. In order 
to write from this equation an equation for the curvature bivectors, it is very 
useful to imagine that l\T*M <-> C£(T*M), the Clifford bundle of differential 
forms, for in that case the powerful calculus described in the Appendix A can 
be used. So, we write: 

oj G sec f\TM (g> f\T*M ^ C£(TM) (g> f\T*M ^ C£{TM) <g C£(T*M), 

1Z = Dw G sec f\TM <g) f\T*M ^ C£(TM) <g f\T*M C£{TM) ® C£{T*M) 

J = 3 V ®9 V = 3 U 6 V G sec /\TM <g> f\T*M ^ C£{TM) ® C£(T*M). (65) 

Now, using Eq. (|12ip for the Hodge star operator given in the Appendix A. 3 
and the relation between the operators d — dA and 6 — dj (Appendix A5) 
we can write 

d*1l= -6 5 (-djK) =-*(djK) = -*({d li RZ)6 v ). (66) 

12 In the printed version it is unfortunately written that D 2 A = ^[^i A]. 
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Also, 

[ta, *K] = Rc/j] <£> 0^ A *(0 Q A 0") 

= --[w M ,R Q/3 ] ® {0"0 5 (0 Q A0 /3 )+0 5 (0 Q A0 /3 )0"} 

- y [w M , R a/3 ] ® a ^) - (r a 

= # 5 [w^, Rq/j] (8) {0^(0" A 6®) 

= -2*([a V R£]0< 3 . (67) 

Using Eqs. lpUBT]) we getJH 

9/xRy + 2[w„, R£] = D e ^R^ = J,. (68) 

So, the gauge theory of gravitation has as field equations the Eq. (|68|) . the 
nonhomogeneous field equations, and Eq. (|57|) the homogeneous field equations 
(which is Bianchi's identity). We summarize that equations, as 

D e , R£ = J„ D 6p R M „ + D Cm R vp + D e „ R PM = 0. (69) 

Eqs. ([69f which looks like Maxwell equations, must, of course, be compatible 
with Einstein's equations, which may be eventually used to determine R^,o; M 
and J„. 

5 Another Set of Maxwell-Like Nonhomogeneous 
Equations for Einstein Theory 

We now show, e.g., how a special combination of the R^ are directly related 
with a combination of products of the energy-momentum 1-vectors T a and the 
tetrad fields e a (see Eq. (|T2"]) below) in Einstein theory. In order to do that, we 
recall that Einstein's equations can be written in components in an orthonormal 
basis as 

Rah - ^/ab-R = Tab, (70) 

where i? a b = i?ba are the components of the Ricci tensor (i? a b = R a bc)' 
T a b are the components of the energy-momentum tensor of matter fields and 
R = VabR ab is the curvature scalar. We next introducJ^l the Ricci 1-vectors 
and the energy-momentum 1-vectors by 

R a = i? ab e b G sec f\TM ^ Cl(TM), (71) 

T a = T ab e b G sec f\TM ^C£(TM). (72) 

"Recall that J„ g sec f\ 2 TM <-+ secCl(TM). 

14 Ricci 1-form fields appear naturally when we formulate Einstein's equations in temrs of 
tetrad fields. See Appendix B. 
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We have that 

R a = -e b jR ab . (73) 
Now, multiplying Eq. ([70| on the right by e b we get 

R a - ^Re a = T a . (74) 

Multiplying Eq. (f?4"|) first on the right by eb and then on the left by eb and 
making the difference of the resulting equations we get 

(-e c jR ac ) e b - e b (-e c jR ac ) - ^R(e a e h - e b e a ) = (T a e b - e b r a )- (75) 
Defining 

Jab = (-e°jR ac ) e b - e b (-e c jR ac ) - -i?(e a e b - e b e a ) 

= -^(R ac e c e h + e b e c i? ac - e c i? ac e b - e h R ac e c ) - -i?(e a e b - e b e a ) 

(76) 

and 

Jb- J De a (T a e b -e b r a ), (77) 

we hav^3 

D e ^ = Jb- (78) 

It is quite obvious that in a coordinate chart (x^) covering an open set 
U C M we can write 

De,J% = Jp, (79) 

with J* = g pa T a p 

F a (3 = (-e 7 jR Q7 ) ep - ep (-e 7 jR Q7 ) - ^R(e a ep - epe a ) (80) 
Jp = D ep (TPep - e p Tp). (81) 



Remark 17 Eg. |7ffi ) (or Eg. \79\) ) is a set Maxwell-like nonhomogeneous equa- 
tions. It looks like the nonhomogeneous classical Maxwell eguations when that 
eguations are written in components, but Eg. J7ff[ ) is only a new way of writing 
the eguation of the nonhomogeneous field equations in the <S7(2, C) like gauge 
theory version of Einstein's theory, discussed in the previous section. In partic- 

.2 

ular, recall that any one of the six Tp £ sec A TM e — > C£(TM). Or, in words, 
each one of the Tp is a bivector field, not a set of scalars which are components 
of a 2-form, as is the case in Maxwell theory. Also, recall that according to 
Eg. $Tj) each one of the four Jp G sec A 2 TM CliTM). 



15 Note that we could also produce another Maxwell-like equation, by using the extended 
covariant derivative operator in the definition of the current, i.e., we can put J7b = D ea (T a ei, — 
et,T a ), and in that case we obtain D ea jr a = J b . 
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From Eq. ([75|) it is not obvious that we must have T a \> = in vacuum, 
however that is exactly what happens if we take into account Eq. (|76p which 
defines that object. Moreover, J 7 ^ = does not imply that the curvature 
bivectors R a b are null in vacuum. Indeed, in that case, Eq. (|76l ) implies only 
the identity (valid only in vacuum) 

(e c jR ac )e b - (e c jR bc )e a . (82) 
Moreover, recalling definition (Eq. ^Sj]) ) we have 

Rab = ^?abcde C e d , (83) 

and we see that the R a b ar e zero only if the Riemann tensor is null which is not 
the case in any non trivial general relativistic model. 

The important fact that we want to emphasize here is that although even- 
tually interesting, Eq. (|78|) does not seem (according to our opinion) to contain 
anything new in it. More precisely, all information given by that equation is 
already contained in the original Einstein's equation, for indeed it has been ob- 
tained from it by simple algebraic manipulations. We state again: According to 
our view terms like 



^"ab = 2(^a C e c eb + ebe c i? ac - e c i? ac eb - ebi? ac e c ) - -i?(e a eb - ebe a ), 
9*ab = (r a e b - e b Ta) - -i?(e a e b - e b e a ), 

Fab = ^-R(e a e b - e b e a ), (84) 

are pure gravitational objects. We cannot see any relationship of any one of 
these objects with the ones appearing in Maxwell theory. Of course, these 
objects may eventually be used to formulate interesting equations, like Eq. (|78p 
which are equivalent to Einstein's field equations, but this fact does not seem to 
us to point to any new Physics^ Even more, from the mathematical point of 
view, to find solutions to the new Eq. ([75]) is certainly as hard as to find solutions 
to the original Einstein equations. 

5.1 SI (2, C) Gauge Theory and Sachs Antisymmetric Equa- 
tion 

We discuss in this subsection yet another algebraic exercise. First recall that in 
section 2 of [J5] we define the paravector fields, 

q a = e a e = er a , q a = (-(To, crCj, cr = 1. 



3 Note that F a t, differs from a factor, namely R from the F^ b give by Eq.(70) in 1451 
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Recall thaO 

R? pX = n(e fl ,6 a ,e p ,e x ). (85) 
Then a simple calculation shows that 



[ D e„, D ex ]e p = e p jR pA = -R pA i_e p , (86) 
1 

2 ( 



R^a P \e a — ^( e M^-pA — R-pAe^)- (87) 



Multiplying Eq. ([57|) on the left by eo we get, recalling that w\ 
(Eq.(79) in [45]) we get 

R^apXff = ^(qM R pA + RpAq M )- (88) 

Now, to derive SachJ^l Eq. (6.50a) all we need to do is to multiply Eq. ([75f 
on the right by e° and perform some algebraic manipulations. We then get 
(with our normalization) for the equivalent of Einstein's equations using the 
paravector fields and a coordinate chart (x^) covering an open set U C M, the 
following equation 

RpAq A + q A R pA + i?q P = 2T p . (89) 
For the Hermitian conjugate we have 

- R pA q A - q A R pA + Rq p = 2T p , (90) 

where as above, the R pA are the curvature bivectors given by Eq. (|61|) and 

T p = Tfa 6 sec /\* TM ^ Ci(TM). (91) 

After that, we multiply Ea.(|B"9"]) on the right by q 7 and Eq. (jgQ|) on the left 
by q 7 ending with two new equations. If we sum them, we get a 'symmetric' 
equation^ completely equivalent to Einstein's equation (from where we started). 
If we make the difference of the equations we get an antisymmetric equation. 
The antisymmetric equation can be written, introducing 

F p7 = i(R pA q A q 7 +q 7 q A R pA +q A R pA q 7 +q 7 R pA q A ) (92) 

+ ^(q P q 7 -q 7 qp) 



In Sachs book he wrote: [D ep ,D ej ]e^ = R^ pX e a = +R a pp\ e °' ■ This produces some 
changes in signals in relation to our formulas below. Our Eq,l l85H agrees with the conventions 
in [9]. 

18 Numeration is from Sachs' book |51j . 
19 Eq.(6.52) in Sachs' book [51]. 
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and 

as 



$ 7 = D ep (T p q 7 -q y T p ), 



(93) 
(94) 



Remark 18 It is important to keep in mind that each one of the six F p7 and 
each one of the four J 7 are not a set of scalars, but sections of Cv- ' (T M) . Also, 
take notice that Eg. \9J$ , of course, is completely equivalent to our Eg. |7ff[ ). Its 
matrix translation in C£ (0) (M) ~ S(M) (g>c S{M) gives Sachs eguation (6.52-) 
in \51^ if we take into account his different 'normalization' of the connection 
coefficients and the ad hoc factor with dimension of electric charge that he intro- 
duced. We cannot see at present any new information encoded in that eguations 
which could be translated in interesting geometrical properties of the manifold, 
but of course, eventually someone may find that they encode such a useful in- 
formation^^ 

Using the equations, D ea e = and Df q M = (respectively, Eq.(88) and 
Eq.(108) in 45j ) and we ma y verify that 

D*W^ + D*¥ vp + Df¥ p „ = 0, (95) 

where D~ is Sachs 'covariant' derivative that we discussed in [35]. In [55] Sachs 
concludes that the last equation implies that there are no magnetic monopoles 
in nature. Of course, his conclusion would follow from Eq.([95"f only if it hap- 
pened that were the components in a coordinate basis of a 2-form field 

F 6 sec /\ 2 T*M. However, this is not the case, because as already noted above, 
this is not the mathematical nature of the F^ . Contrary to what we stated with 
relation to Eq. (19"4"]) we cannot even say that Eq. (|9"5|) is really interesting, because 
it uses a covariant derivative operator, which, as discussed in |45j is not well 
justified, and in anyway Df ^ D Cp . We cannot see any relationship of Eq. ([95"|) 
with the legendary magnetic monopoles. 

We thus conclude this section stating that Sachs claims in [5TJ (52] [53] of 
having produced an unified field theory of electricity and electromagnetism are 
not endorsed by our analysis. 

20 Anyway, it seems to us that until the written of the present paper the true mathematical 
nature of Sachs equations have not been understood, by people that read Sachs books and 
articles. To endorse our statement, we quote that in Carmeli's review([7]) of Sachs book, he 
did not realize that Sachs theory was indeed (as we showed above) a description in the Pauli 
bundle of a SI (2, C) gauge formulation of Einstein's theory as described in his own book [6], 
Had he disclosed that fact (as we did) he probably had not written that Sachs' approach was 
a possible unified field theory of gravitation and electromagnetism. 
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6 Energy-Momentum "Conservation" in Gen- 
eral Relativity 

6.1 Einstein's Equations in terms of Superpotentials *S a 

In this section we discuss some issues and statements concerning the problem of 
the energy-momentum conservation in Einstein's theory, presented with several 
different formalisms in the literature, which according to our view are very 
confusing, or even wrong. To start, recall that from Eq. ([M|) it follows that 

d(*J~[w,*'R])=0, (96) 

and we could think that this equation could be used to identify a conserva- 
tion law for the energy momentum of matter plus the gravitational field, with 
|[a>,*72.] describing a mathematical object related to the energy- momentum of 
the gravitational field. However, this is not the case, because this term (due to 
the presence of u>) is gauge dependent. The appearance of a gauge dependent 
term is a recurrent fact in all known proposed^! formulations of a 'conser- 
vation law for energy-momentum' for Einstein theory. We discuss now some 
statements found in the literature based on some of that proposed 'solutions' 
to the problem of energy-momentum conservation in General Relativity and say 
why we think they are unsatisfactory. We also mention a way with which the 
problem could be satisfactorily solved, but which implies in a departure from 
the orthodox interpretation of Einstein's theory. 

Now, to keep the mathematics as simple and transparent as possible, instead 
of working with Eq. (|96[) . we work with a more simple (but equivalent) formula- 
tion [47l [61] of Einstein's equation where the gravitational field is described by 
a set of 2-forms *S a , a = 0,1,2,3 called superpotentials. This approach will 
permit to identify very quickly certain objects that at first sight seems appropri- 
ate energy-momentum currents for the gravitational field in Einstein's theory. 
The calculations that follows are done in the Clifford algebra of multiforms 
fields Ci (T*M), something that, as the reader will testify, simplify considerably 
similar calculations done with traditional methods. 

We start again with Einstein's equations given by Eq. ([70|) . but this time 
we multiply on the left by 6 h £ sec f\^T*M <^> C£{T*M) getting an equation 
relating the Ricci 1 -forms TZ a = i?g6» b e sec A 1 T*M =-> C£(T*M) with the 
energy-momentum 1-forms T a = T£0 b G sec A 1 T*M ^ C£(T*M), i.e., 

G a = TZ a - ii?6» a = T a . (97) 

We take the dual of this equation, 

*g a = *T a . (98) 

21 At least, the ones known by the authors. 
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Next, we observe that [I7J EI] we can write 

±g* = -d-kS a -*t !l , (99) 

where 

*<S C = ^u; ab A*(0 a A0 b A0 C ), 

*t c = -gWab A [w| * (0 a A b A 6» d ) - * (6» a A 6> d A 6» c )]. (100) 
The proof of Eq. (jlOOp follows at once from the fact that 

*0 d = -lft ab A*(0 a A0 b A0 d )- (101) 
Indeed, recalling the identities in Eq. (|122p we can write 
\n ah A *(0 a A b A e d ) = -1 * [ft abJ (0 a A b A d )] 

= -^abcd * [(^ c A 9 d )j(9 a A 9 b A d )] 

= -*(ft d - ii?0 d ). (102) 

On the other hand we have, 

- 2 * G d = du: ah A *(0 a A b A 9 d ) + LJ ac A w b A *(0 a A 6> b A 6 d ) 
= d[uj ah A *(0 a A b A d )] +WabAd* (0 a A b A d ) 

+ w ac A w b A *(0 a A b A d ) 

= d[uj ah A *(<9 a A b A d )] - w ab A u>p A *(0 P A b A <9 d ) 

- w ab A uj] A *(0 a A 6 p A 6 d ) - uj ah A u> d A *(0 a A <9 b A P )] 
+ LJ ac A w b A *(0 a A b A d ) 

= d[uj ah A *(0 a A b A d )] - u ah A [uj d A *(0 a A b A 9 P ) + w b A *(0 a A <9 P A <9 d )] 
= 2(d*S d +*t d ). (103) 

Now, we can then write Einstein's equation in a very interesting, but dan- 
gerous form, i.e., 

-d*S a = *T a + *t a . (104) 

In writing Einstein's equations in that way, we have associated to the gravita- 
tional field a set of 2-form fields *<S a called superpotentials that have as sources 
the currents (*T a +*t a ). However, superpotentials are not uniquely defined 
since, e.g., superpotentials (*<S a +*a a ), with *a a closed, i.e., d*a a = give 
the same second member for Eq. (|104|l . 
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6.2 Is There Any Energy-Momentum Conservation Law 
in GR? 

Why did we say that Eq. (|104[) is a dangerous one? 

The reason is that (as in the case of Eq. ([M)) ) we can be led to think that 
we have discovered a conservation law for the energy-momentum of matter plus 
gravitational field, since from Eq. (|104[) it follows that 

d(*T a + *t a ) = 0. (105) 

This thought however is only an example of wishful thinking, because the *t a 
depends on the connection (see Eq. (|100[) ') and thus are gauge dependent. They 
do not have the same tensor transformation law as the *T a . So, Stokes theorem 
cannot be used to derive from Eq. (|105p conserved quantities that are indepen- 
dent of the gauge, which is clear. However, and this is less known, Stokes 
theorem, also cannot be used to derive conclusions that are independent of the 
local coordinate chart used to perform calculations [5]. In fact, the currents *t a 
are nothing more than the old pseudo energy momentum tensor of Einstein in 
a new dress. Nonrecognition of this fact can lead to many misunderstandings. 
We present some of them in what follows, in order to call our readers' atten- 
tion of potential errors of inference that can be done when we use sophisticated 
mathematical formalisms without a perfect domain of their contents. 

(i) First, it is easy to see that from Eq. ([98| it follows that [38] 

D c *6 = D c * % = 0, (106) 

where *0 = e a <g> *£ a E sec TM <g> sec A 3 T*M and *T = e a <g> *T a <E sec TM ® 
sec /\ 3 T*M . Now, in 38J it is written (without proof) a 'Stokes theorem' 



4-cubc 



3 boundary 
of this 4-cubc 



(107) 



We searched in the literature for a proof of Eq. (|107p which appears also in 
many other texts and scientific papers, as e.g., in [121 165] and could find none, 
which we can consider as valid. The reason is simply. If expressed in details, 
e.g., the first member of Eq. (|107|) reads 

J e a ®(d*T a + uj^AT b ), (108) 

4-cubc 

and it is necessary to explain what is the meaning (if any) of the integral. Since 
the integrand is a sum of tensor fields, this integral says that we are summing 
tensors belonging to the tensor spaces of different spacetime points. As, well 
known, this cannot be done in general, unless there is a way for identification 
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of the tensor spaces at different spacetime points. This requires, of course, 
the introduction of additional structure on the spacetime representing a given 
gravitational field, and such extra structure is lacking in Einstein's theory. We 
unfortunately, must conclude that Eq. (|107p do not express any conservation 
law, for it lacks as yet, a precise mathematical meaning! 22 ! 

In Einstein theory possible superpotentias are, of course, the *>S a that we 
found above (Eq.([100))). with 

*S C = [-^ abJ (fl a A0 b A9 C )}9 5 . (109) 

Then, if we integrate Eq. (|104p over a 'certain finite 3-dimensional volume', 
say a ball B, and use Stokes theorem we have 

P a = J *(T a + t a ) = -/ *S a . (110) 

B dB 

In particular the energy or (inertia! mass) of the gravitational field plus 
matter generating the field is defined by 

P° =E = mi = - lim [ *S° (111) 

R-tca J 
dB 

(ii) Now, a frequent misunderstanding is the following. Suppose that in a 
given gravitational theory there exists an energy-momentum conservation law 
for matter plus the gravitational field expressed in the form of Eq. (11051) , where 
T a are the energy-momentum 1-forms of matter and t a are frwq^j energy- 
momentum 1-forms of the gravitational field. This means that the 3-forms 
(*T a +*t a ) are closed, i.e., they satisfy Eq. (|105p . Is this enough to warrant that 
the energy of a closed universe is zero? Well, that would be the case if starting 
from Eq. (|105p we could jump to an equation like Eq. (|104p and then to Eq. ljllip 
(as done, e.g., in [62] )■ But that sequence of inferences in general cannot be 
done, for indeed, as it is well known, it is not the case that closed three forms 
are always exact. Take a closed universe with topology, say Rx5* 3 . In this case 
B = S 3 and we have dB = dS 3 — 0. Now, as it is well known (see, e.g., [12]), 
the third de Rham cohomology group of RxS 3 is H 3 (RxS 3 ) = H 3 (S 3 ) = R. 
Since this group is non trivial it follows that in such manifold closed forms are 
not exact. Then from Eq. (|105p it did not follow the validity of an equation 
analogous to Eq. (|104p . So, in that case an equation like Eq. (|110p cannot even 
be written. 

Despite that commentary, keep in mind that in Einstein's theory the energy 
of a closed universe! 2 "^!, if it is justifiable to suppose that it is given by Eq. ljllip . 



22 Of course, if some could give a mathematical meaning to Eg. (|107tl . we will be glad to be 
informed of that fact. 

23 This means that the t a are not pseudo 1-forms, as in Einstein's theory. 

24 Note that if we suppose that the universe contains spinor fields, then it must be a spin 
manifold, i.e., it is parallezible according to Geroch's theorem [27] . 
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is indeed zero, since in that theory the 3- forms (*T a + *t a ) are indeed exact (see 
Eq. (|104p ). This means that accepting t a as the 'energy- momentum' 1-form 
fields of the gravitational field, it follows that gravitational 'energy' must be 
negative in a closed universe. 

(iii) But, is the above formalism a consistent one? Given a coordinate 
chart of the maximal atlas of M, with some algebra we can show that for 
a gravitational model represented by a diagonal asymptotic flat metrical the 
incrtial mass E — rrii is given by 

— 1 f d 

m * = i im Tr~ \ -Tl3(9ii922g33g al3 )da a , (112) 
R^oo lbn J ox' 3 

OB 

where dB — S 2 (R) is a 2-sphere of radius R, {—n a ) is the outward unit normal 



and da a = —R 2 n a dA. If we apply Eq. (|112|) to calculate, e.g., the energy of 
the Schwarzschild spacetimcF^I generate by a gravitational mass to, we expect 
to have one unique and unambiguous result, namely mi = to. 

However, as showed in details, e.g., in [5] the calculation of E depends on 
the spatial coordinate system naturally adapted to the reference frame Z — 
— — L==Jj , even if these coordinates produce asymptotically flat metrics. 

Then, even if in one given chart we may obtain as the result of the calcula- 
tion rrii = to there are others where the results of the calculations give to, ^ to! 

Moreover, note also that, as showed above, for a closed universe, Einstein's 
theory implies on general grounds (once we accept that the t° describes the 
energy-momentum distribution of the gravitational field) that m, = 0. This 
result, it is important to quote, does not contradict the so called "positive 
mass theorems" of, e.g., references [56j [57l [70] , because that theorems refers to 
the total 'energy' of an isolated system. A system of that kind is supposed 
to be modelled by a Lorentzian spacetime having a spacelike, asymptotically 
Euclidean hypersurfacej^ However, we want to emphasize here, that although 
the 'energy' results positive, its value is not unique, since depends on the 
asymptotically flat coordinates chosen to perform the calculations, as it is clear 
from the example of the Schwarzschild field, as we already commented above 
and detailed in [5]. 

In view of what has been presented above, it is our view that all discourses 
(based on Einstein's equivalence principle) concerning the use of pseudo-energy 
momentum tensors as reasonable descriptions of energy and momentum of grav- 
itational fields in Einstein's theory are not convincing. 

The fact is: there are in general no conservation laws of energy-momentum 
in General Relativity in general. And, at this point it is better to quote page 
98 of Sachs&Wv@ EH: 



25 A metric is said to be asymptotically flat in given coordinates, if <7 M „ = n M „(l + (r fc )), 
with k = 2 or k = 1 depending on the author. See, eg., |56l 1571 |6T| . 

26 For a Scharzschild spacetime we have g = (l - 22» ) dt ® dt - ( 1 - ^r)^ 1 dr^dr ~r 2 {d6® 
d6 + sin 2 8dip ig) dip). 

27 The proof also uses as hypothesis the so called energy dominance condition. |29| 
28 Note, please, that in this reference Sachs refers to R. K. Sachs and not to M. Sachs. 
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" As mentioned in section 3.8, conservation laws have a great predictive power. It 
is a shame to lose the special relativistic total energy conservation law (Section 3.10.2) in 
general relativity. Many of the attempts to resurrect it are quite interesting; many are simply 
garbage." 

We quote also Anderson pQ: 

" In an interaction that involves the gravitational field a system can loose energy without 
this energy being transmitted to the gravitational field." 

In General Relativity, we already said, every gravitational field is modelled 
(module diffeomorphisms) by a Lorentzian spacetime. In the particular case, 
when this spacetime structure admits a timelike Killing vector, we can formulate 
a law of energy conservation. If the spacetime admits three linearly independent 
spacelike Killing vectors, we have a law of conservation of momentum. The 
crucial fact to have in mind here is that a general Lorentzian spacetime, does 
not admits such Killing vectors in general. As one example, we quote that the 
popular Friedmann- Robertson- Walker expanding universes models do not admit 
timelike Killing vectors, in general. 

At present, the authors know only one possibility of resurrecting a trust- 
worthy conservation law of energy-momentum valid in all circumstances in a 
theory of the gravitational field that resembles General Relativity (in the sense 
of keeping Einstein's equation). It consists in reinterpreting that theory as a field 
theory in flat Minkowski spacetime. Theories of this kind have been proposed 
in the past by, e.g., Feynman [55], Schwinger |55].Thirrin.g [rjQ] and Weinberg 
[68] [69] and have been extensively studied by Logunov and collaborators [351136] , 
Another presentation of a theory of that kind, is one where the gravitational 
field is represented by a distortion field in Minkowski spacetime. A first attempt 
to such a theory using Clifford bundles has been given in [47] . Another presen- 
tation has been given in [55], but that work, which contains many interesting 
ideas, unfortunately contains also some equivocated statements that make (in 
our opinion) the theory, as originally presented by that authors invalid. This 
has been discussed with details in [20] ■ 

Before closing this section we observe that recently people think to have 
found a valid way of having a genuine energy-momentum conservation law in 
general relativity, by using the so-called teleparallel version of that theory [T4] , 
If that is really the case will be analyzed in a sequel paper [49] , where we discuss 
conservation laws in a general Ricmann-Cartan spacetime, using Clifford bundle 
methods. 

7 Conclusions 

In this paper we introduced the concept of Clifford valued differential forms, 
which are sections of Cl{T M)® f\T* M . We showed how this theory can be used 
to produce a very elegant description of the theory of linear connections, where a 
given linear connection is represented by a bivector valued 1-form. Crucial to the 
program was the introduction of the notion of the exterior covariant differential 
and the extended covariant derivative acting on sections of C£(TM) ® At*M. 
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Our natural definitions parallel in a noticeable way the formalism of the theory 
of connections in a principal bundle and the covariant derivative operators acting 
on associate bundles to that principal bundle. We identified Cartan curvature 
2-forms and curvature bivectors. The curvature 2-forms satisfy Cartan's second 
structure equation and the curvature bivectors satisfy equations in analogy with 
equations of gauge theories. This immediately suggest to write Einstein's theory 
in that formalism, something that has already been done and extensively studied 
in the past, but not with the methods used in this paper. However, we did not 
enter into the details of that theory in this paper. We only discussed the relation 
between the nonhomogeneous 57(2, C) gauge equation satisfied by the curvature 
bivector and some other mathematically equivalent formulations of Einstein's 
field equations and also we carefully analyzed the relation of nonhomogeneous 
57(2, C) gauge equation satisfied by the curvature bivector and some interesting 
equations that appears in M. Sachs 'unified' field theory as described recently 
in [53] and originally introduced in [51] . In these books the interested reader 
may also find a complete list of references to Sachs papers published in the last 
40 years. Next, taking profit of the mathematical methods introduced in this 
paper, we discussed also some issues concerning the very important problem of 
the energy-momentum 'conservation' in General Relativity, which has defied 
scientists for almost all the twenty century, since Hilbert and Einstein found the 
field equations of the gravitational field. 

Finally, we present in Appendix A the main results of the Clifford bundle 
formalism, and in Appendix B we detail the description of Einstein's equations 
for the tetrad fields, using the Clifford bundle formalism, where some very nice 
operators, which have no analogy on classical differential geometry are exhibit. 

Acknowledgment. Authors are grateful to Dr. Ricardo A. Mosna for very 
useful observations, and to a referee for very important comments. 

A Clifford Bundles C£(T*M) and C£(TM) 

Let C = (M, g, D, r g , f ) be a Lorentzian spacetime. This means that (M, g, r g , |) 
is a four dimensional Lorentzian manifold, time oriented by f and spacetime 
oriented by T g , and in general M ± E 4 . Also, g 6 sec(T*M x T*M) is a 
Lorentzian metric of signature (1,3). T*M [TM] is the cotangent [tangent] 
bundle. T*M = U X&M T*M, TM = U x£M T x M, and T X M ~ T*M ~ R 1 - 3 , 
where R 1 ' 3 is the Minkowski vector space [5JL D is the Levi-Civita connec- 
tion of g, i.e., Dg — 0, TZ(D) = 0. Also 0(D) = 0, 1Z and <d being respec- 
tively the torsion and curvature tensors. Now, the Clifford bundle of differen- 
tial forms C£(T*M) is the bundle of algebra@ C£(T*M) = \J xeM Ct(T*M) , 
where Vx £ M,C£(T*M) = Mi, 3, the so-called spacetime algebra [34]. Locally 
as a linear space over the real field R, C£(T*M) is isomorphic to the Car- 

29 We can show using the definitions of section 5 that C£(T* M) is a vector bundle associated 
with the orthonormal frame bundle, i.e., (X(M) = P,so +(1 3) x ad Cii.,3. Details about this 
construction can be found, e.g., in |39| . 
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tan algebra f\(T*M) of the cotangent space and f\T*M = Y,k=o f\ kT x M > 

k 

where A T*M is the (^) -dimensional space of fc-forms. The Cartan bundle 

l\T*M = U xeM /\T*M can then be thought [33] as "imbedded" in C£(T*M). 
In this way sections of C£(T*M) can be represented as a sum of nonhomoge- 

neous differential forms. Let {e a } £ sec TM, (a = 0, 1, 2, 3) be an orthonormal 

. l 

basis <7(e a ,eb) = ?7ab = diag(l, — 1, — 1, — 1) and let {9 a } e sec A T*M <^-> 

sec C£(T*M) be the dual basis. Moreover, we denote by g^ 1 the metric in the 
cotangent bundle. 

An analogous construction can be done for the tangent space. The corre- 
sponding Clifford bundle is denoted C£(TM) and their sections are called mul- 
tivector fields. All formulas presented below for C£(T*M) have corresponding 
ones in C£{TM) and this fact has been used in the text. 

A.l Clifford product, scalar contraction and exterior prod- 
ucts 

The fundamental Clifford produc^^ (in what follows to be denoted by juxtapo- 
sition of symbols) is generated by 9 a 9 h + 9 h 9 a = 2r] ah and if C G sec C£(T*M) 
we have ?? 

C = s + v a 9 a + ^b cd 9 c 9 d + ^a ahc 9 a 9 h 9 c + P 9 5 , (113) 

where 9 5 = 9°9 1 9 2 9 s is the volume element and s, v a , b cd , a a bc> P £ sec f\ T*M C 
sec C£(T*M). 

Let A r ,& sec f\T*M ^ sec C£(T*M), B s e sec f\T*M ^ secC£(T*M). 
For r = s = 1, we define the scalar product as follows: 
For a, be sec f\T*M sec C£(T*M), 

a-b=^(ab + ba)=g- 1 (a,b). (114) 

We also define the exterior product (Vr, s = 0, 1, 2, 3) by 

A r A B s — (A r B s ) r + s , 

A r AB S = {-l) rs B s AA r (115) 

A k 

where (}& is the component in the subspace A T*M of the Clifford field. The 
exterior product is extended by linearity to all sections of C£(T*M). 

3C) If the reader need more detail on the Clifford calculus of multivetors he may consult, e.g., 
[21] [22] [23] El HQ] En E2] . 
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For A r = a\ A ... A a r , B r = b\ A ... A b r , the scalar product is defined as 



A r ■ B r = (ai A ... A a r ) ■ (bi A ... A b r ) 
ai-bi ... ai-bk 



det 



ak • bu 



(116) 



We agree that if r = s = 0, the scalar product is simple the ordinary product 
in the real field. 

Also, if r ^ s, A r ■ B s = . 

For r < s, A r = ai A ... A a ri B s = bi A ... A b s we define the left contraction 

by 



j: {A r ,B s ) >-> A r _iB s = £\\[]:;.l s (aiA...Aa r )-(b n A...Ab lr )~b lr+1 A...Ab ls , 

ii<...<i r 

(117) 

where ~ denotes the reverse mapping (reversion) 

~: sec f\ P T*M 3 a x A ... A a p ^ a p A ... A ai, (118) 

and extended by linearity to all sections of C£(T*M). We agree that for a, (i e 
A 

sec A T*M the contraction is the ordinary (pointwise) product in the real 

field and that if a G sec f\T*M, A r , £ sec f\T*M,B s e sec f\T*M then 
(aA r )_iB s = A r _i(aB s ). Left contraction is extended by linearity to all pairs of 
elements of sections of C£(T*M), i.e., for A, B e secC£{T*M) 



AjB = J2iA)rAB) s , r < s. 



(119) 



It is also necessary to introduce in C£(T*M) the operator of right contrac- 
tion denoted by l. The definition is obtained from the one presenting the left 
contraction with the imposition that r > s and taking into account that now if 
A r , G sec f\T*M,B s e sec f\T*M then A r ^(aB s ) = (aA r yB s . 

A. 2 Some useful formulas 

The main formulas used in the Clifford calculus in the main text can be obtained 

1 r 

from the following ones, where a e sec f\ T*M and A r ,e sec f\ T*M,B S e 
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sec f\T*M: 

aB s = a_iB s + a A B s , B s a = B s ^a + B s A a, (120) 
ajB s = i(aS s - (-) s B s a), 
A r _iB s = (-y^B^Ar, 
aAB s = ^(aB s + (-) s B s a), 

A r B s — (^4,._B s )| r _ s | + (A r ji? s )| r _ s _2| + ••• + (A r B s )\ r+s \ 
= 22(A r B s )\ r _ s \ +2 k, m = -(r + s-\r- s\), 

fe=0 

A. 3 Hodge star operator 

Let * be the usual Hodge star operator * : f\ T*M -» f\ T*M. If B e 

k 4 — k 4 

sec/\ T*Af, A e sec/\ T*M and r e sec/\ T*M is the volume form, then 
★£> is defined by 

A A *B = (A • B)r. 
Then we can show that if A p <E sec A T*M <^-> sec (3?(T * M) we have 

*A p =Ap8 5 . (121) 

This equation is enough to prove very easily the following identities (which are 
used in the main text): 

A r A *B S = B s A *A r ; r = s, 

A r j-kB s = B s j-k A r ; r + s = 4, 

A r A*B S = (-ly^-V *(A r jB s ); r < s, 

A r _i * B s = (— l) rs * (A r A B s )\ r + s<4 (122) 

Let d and 8 be respectively the differential and Hodge codifferential operators 
acting on sections of f\T*M. If oj p e sec f\^T*M ^ sec«(T*Af), then 5lo p = 
(—) p d-kbjp, where * * = identity. When applied to a p-form we have 

★ = (-1)P(4-P) + 1* . 

A.4 Action of D Ga on Sections of C£(TM) and Cl(T*M) 

Let D ea be a metrical compatible covariant derivative operator acting on sec- 
tions of the tensor bundle. It can be easily shown (see, e.g., [11]) that D ea is also 
a covariant derivative operator on the Clifford bundles Cl(TM) and Cl(T*M). 
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Ap 
T*M <— ► secC£(M) we can show, very easily by explic- 
itly performing the calculations^] that 

D ea A p = d ea A p + hoj e ^A p ], (123) 

A 2 
T*M <^-y secC£(M) may be called Clifford connection 

2-forms. They are given by: 

^e, = \^ c 6 h 9 c = \^t c e b A 9 C , (124) 
where (in standard notation) 

D e J b = wSbflc, D e J b = -^ c e c , W bc - - w « b (125) 

An analogous formula to Eq. (|123[) is valid for the covariant derivative of 
sections of C£(TM) and they were used in several places in the main text. 

A. 5 Dirac Operator, Differential and Co-differential 

The Dirac operator acting on sections of Ct{T*M) is the invariant first order 
differential operator 

d = 6*D ea , (126) 

and we can show (see, e.g., [17] ) that when D 6a is the Levi-Civita covariant 
derivative operator, the following important result holds: 

d = dA+dj = d-6. (127) 

The square of the Dirac operator d 2 is called the Hodge Laplacian. We have 

d 2 = -(dS + Sd). (128) 

This operator is not to be confused with the covariant DAlembertian which is 
given by 

D = d d. (129) 
The following identities were used in the text 

dd = SS = 0, 
dd 2 = d 2 d; Sd 2 = d 2 S, 

<5* = (-l) p+1 *d; *<5=(-l) p *d, 
d5* = *d5; *d5 = Sd*; *d 2 = d 2 * (130) 



L A derivation of this formula from the genral theory of connections can be found in |39| . 
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A. 6 Maxwell Equation 

Maxwell equations in the Clifford bundle of differential forms resume in one sin- 

A2 
T*M sec C£(T*M) is the electromagnetic 

. 1 

field and J e £ sec A T*M secC^(T*M) is the electromagnetic current, we 
have Maxwell equation^!: 

dF = J e . (131) 
Eq. (|13ip is equivalent to the pair of equations 

dF = 0, (132) 
5F = -J e . (133) 

Eq. p32[) is called the homogenous equation and Eq. p33[) is called the non- 
homogeneous equation. Note that it can be written also as: 

d*F = -*J e . (134) 

B Einstein Field Equations for the Tetrad Fields 

In the main text we gave a Clifford bundle formulation of the field equations of 
general relativity in a form that resembles a S7(2,C) gauge theory and also a 
formulation in terms of a set of 2-form fields *5 a . Here we want to recall yet 
another face of Einstein's equations, i.e., we show how to write the field equa- 
tions directly for the tetrad fields # a in such a way that the obtained equations 
are equivalent to Einstein's field equations. This is done in order to compare 
the correct equations for that objects which some other equations proposed for 
these objects that appeared recently in the literature (and which will be dis- 
cussed below). Before proceeding, we mention that, of course, we could write 
analogous (and equivalent) equations for the dual tetrads e a . 

As shown in details in papers [13 [55] the correct wave like equations 
satisfied by the 9 a arj^l: 

- (d ■ d)0 & + d A (d ■ (9 a ) + dj{3 A 6» a ) = T a - ^T8 a . (135) 

In Eq. ([H5|) . T a = T a 6» b £ scc/y 1 T*M <-> secC£(T*M) are the energy 
momentum 1-form fields and T = T a = —R = — i? a , with T a b the energy 
momentum tensor of matter. When 9 a is an exact differential, and in this case 



32 Then, there is no misprint in the title of this section. 

33 Of course, there are analogous equations for the e a 130) . where in that case, the Dirac 
operator must be denned (in an obvious way) as acting on sections of the Clifford bundle of 
multivectors, that has been introduced in section 3. 
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we write 9 a \—> 9^ = dx^ and if the coordinate functions are harmonic, i.e., 
89» = -36' 1 = 0, Eq. (fT35l) becomes 



□r + -ROf = -T", (136) 

where we have used Ea.([l29]). 

In Eq. (|135p d = 9 a D Ba = dA + <9j = d~ S is the Dirac (like) operator acting 
on sections of the Clifford bundle C£(T*M) defined in the previous Appendix. 

With these formulas we can write 

d 2 = dd + dAd, 

8Ad= dd + dAdj + djdA, (137) 

with 

dd = rf h {D ea D eb -u>l h D ec ), 

dAd = 9 a A9 h {D ea D eb -Lu c ah D ec ). (138) 

Note that D Ea 9 h = —lu^ c 9 c and a somewhat long, but simple calculation F^l 
shows that 

(dAd)9 a = K a , (139) 

where, as already defined, 1Z & = R^9 h are the Ricci 1-forms. We also observe 
(that for the best of our knowledge) d A d that has been named the Ricci 
operator in [58] has no analogue in classical differential geometry. 
Note that Eq. (|135p can be written after some algebra as 

W* - ^R9>* = T M , (140) 

with W 1 = R£dx v and P = T}}dx v , 9^ = dx^ in a coordinate chart of the 
maximal atlas of M covering an open set U C M. 

We are now prepared to make some crucial comments concerning some recent 
papers ([10], [16] -[IS]). 

(i) In ( [TD] , [TB] - [12] ) authors claims that the e a , a = 0,1,2,3 satisfy the 
equations 



(D + T)e a = 0. 



They thought to have produced a valid derivation for that equations. We 
will not comment on that derivation here. Enough is to say that if that equation 
was true it would imply that (□ + T)9 a = 0. This is not the case. Indeed, as 
a careful reader may verify, the true equation satisfied by any one of the 9 a is 
Eq.(T33. 

34 The calculation is done in detail in |47l 158] ■ 
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(ii) We quote that author o f ITrJl [T71 ITS] explicitly wrote several times that 
the "electromagnetic potential"! 35 ! A in their theory (a 1-form with values in a 
vector space) satisfies the following wave equation, 



(□ + T)A = 0. 



Now, this equation cannot be correct even for the usual U(l) gauge potential 
of classical electrodynamics El A e sec A T*M c sec C£(T*M). Indeed, in 
vacuum Maxwell equation reads (see Eq. (|131[) ) 

dF = 0, (141) 

where F = dA = d A A = dA, if we work in the Lorenz gauge d ■ A = 8aA = 
—5A — 0. Now, since we have according to Eq. (|128p that d 2 = — (d8 + Sd),we 
get 

d 2 A = 0. (142) 

A simple calculation then shows that in the coordinate basis introduced 
above we have, 

(d 2 A) a = cf u D^DyAa + R v a A v (143) 
and we see that Eq. (|142p reads in component^] 

UA^ + R»A„ = 0. (144) 

Eq. (|144| can be found, e.g., in Eddington's book [15] on page 175. 

Finally we make a single comment on reference |10j . because this paper is 
related to Sachs 'unified' theory in the sense that authors try to identify Sachs 
'electromagnetic' field (discussed in the main text) with a supposedly existing 
longitudinal electromagnetic field predict by their theory. Well, on [TU] we can 
read at the beginning of section 1.1: 

"The antisymmetrized form of special relativity [1] has spacetime metric 
given by the enlarged structure 

rf v = ]^{<7 tl <J u * +<7 U ^ 1 *), (1.1.) 

where cr M are the Pauli matrices satisfying a Clifford (sic) algebra 

{<r»,o*} = 26> xv , 

which are represented by 

°°=(l SWS oV-fi -,)■<-> 



35 In 16 17 18 author do identify their "electromagnetic potential" with the bivector 
valued connection 1-form ui that we introduced in section above. As we explained with details 
this cannot be done because that quantity is related to gravitation, not electromagnetism. 

36 Which must be one of the gauge components of the gauge field. 

37 Take into account that in Einstein theory the term By^A v = in vacuum. 
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The * operator denotes quaternion conjugation, which translates to a spatial 
parity transformation." 

Well, we comment as follows: the * is not really defined anywhere in [10] . 
If it refers to a spatial parity operation, we infer that a * = er° and a 1 * — 
—a 1 . Also, r]^ is not defined, but Eq.(3.5) of [10, make us to infers that 
rj^ =diag(l, — 1, — 1, 1). In that case Eq.(l.l) above (with the first member 
understood as rj^a ) is true but the equation {a^, <j v } — 28^ is false. Enough 
is to see that {a , a 1 } = 2a l ^ 2S°\ 
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